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Abstract
We study complete continuity properties of operators onto 2 and prove several results in the Dunford–
Pettis theory of JB∗-triples and their projective tensor products, culminating in characterisations of the
alternative Dunford–Pettis property for E ⊗ˆπ F where E and F are JB∗-triples.
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1. Introduction
A Banach space E is said to have the Dunford–Pettis property if for every Banach space F
each weakly compact operator from E into F is completely continuous which, since weakly com-
pact operators factor through reflexive spaces [20], is the same as saying that all operators from
E into reflexive spaces are completely continuous. The Dunford–Pettis property was conceived
and shown to be possessed by all C(K)-spaces and L1(μ)-spaces in [32]. Diverse ramifications
of the Dunford–Pettis property and an extensive bibliography may be found in the authoritative
exposition [21]. Subsequently introduced variations include the surjective Dunford–Pettis prop-
erty [36] and the more geometric alternative Dunford–Pettis property, known as the DP1, of [28]
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served by projective tensor products was negated in [43] and Dunford–Pettis theory of projective
tensor products has been widely studied since, in [7,10,26,27,31,38,42], for example. In [10] it
was proved that for infinite compact Hausdorff spaces K1 and K2, that C(K1) ⊗ˆπ C(K2) has
the Dunford–Pettis property if and only if K1 and K2 are scattered, a result extended to gener-
alised operator algebras in [7] with a proof that for infinite-dimensional JB∗-triples E and F ,
E ⊗ˆπ F has the Dunford–Pettis property if and only if both E and F have the Dunford–Pettis
property and do not contain an isomorphic copy of 1. It was shown in [38] that if E and F are
JB∗-triples containing an isomorphic copy of c0 and 1, respectively, then E ⊗ˆπ F does not have
the DP1.
JB∗-triples form the widely studied class of complex Banach spaces whose open unit ball is
a bounded symmetric domain. All JB∗-algebras and hence C*-algebras are particular examples
of JB∗-triples, as are Hilbert spaces and many others. The formal Banach algebraic definition
given in Section 3 is an alternative characterisation found in [35]. The projective tensor product
of JB∗-triples is almost never a JB∗-triple.
In this paper we explore the Dunford–Pettis theory of JB∗-triples and their projective tensor
products via a study of operators onto 2. We are indebted to [36] and developments in [9] for
marking the significance of operators onto reflexive spaces. One of our main results establishes
the equivalence of the following three conditions for infinite-dimensional JB∗-triples E and F :
(a) E ⊗ˆπ F has the DP1;
(b) all surjective operators in L(E ⊗ˆπ F, 2) are completely continuous on the unit sphere of
norm one elements of E ⊗ˆπ F ;
(c) one of the following holds:
(i) E∗∗ and F ∗∗ are ∞-sums of Cartan factors.
(ii) E is a Hilbert space or a spin factor and F is a Hilbert space or a spin factor.
(iii) One of E and F is a Hilbert space or a spin factor and the other has the property that
every quotient by a primitive M-ideal is a finite-dimensional Cartan factor.
Formal definitions of various Dunford–Pettis properties are given in Section 2 and certain
preliminary observations are made. JB∗-triples are introduced in Section 3 and it is shown that
isometric copies of 2 in dual spaces play a key role in Cartan factor representations. The results
of these sections are applied to develop Dunford–Pettis theory of JB∗-triples and projective tensor
products in Section 4 and Section 5, respectively.
1.1. Conventions
Throughout the paper the term operator between Banach spaces stands for continuous linear
map. Given a Banach space E, E1 denotes the closed unit ball of E, S(E1) its unit sphere of
norm-one elements and ∂e(E1) the set of extreme points of E1. Via the canonical embedding E is
habitually regarded as a subspace of E∗∗. If F is a Banach subspace of E, F ∗∗ is identified with
the weak∗ closure of F in E∗∗, and E∗ is identified with the weak∗ continuous linear functionals
on E∗∗. If (xn) is a sequence in E, [xn] denotes the Banach subspace generated by {xn: n ∈ N}
in E. The symbols E  F signify that E and F are isomorphic Banach spaces and E ∼= F that
they are isometrically isomorphic. Unless otherwise stated Banach spaces considered are over
the complex field. An operator, T :E → F, where E and F are Banach spaces, is defined to be
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that
‖xn‖ = ‖x‖ = 1,
for all n, then ‖T (xn − x)‖ → 0.
We use [22,23] as our standard reference works for the structure theory of Banach spaces.
2. Dunford–Pettis properties
A Banach space E is said to have the Dunford–Pettis property (DP) if every operator from E
into a reflexive Banach space is completely continuous, and to have the surjective Dunford–Pettis
property (surjective DP) if every operator onto a reflexive space is completely continuous. The
surjective DP is strictly weaker than the DP. A real Banach space, L, having the surjective DP
but not the DP was constructed in [36] and, by [9, Theorem 14], all even duals of L have the
surjective DP but not the DP while odd duals do not have the DP, and further that L  L × L.
The latter implies that complexifications of L retain the mentioned properties of L.
If every operator from the Banach space E into a reflexive space is completely continuous
on the unit sphere S(E1) then E is said to have the alternative Dunford–Pettis property (DP1).
The DP1, the study of which was initiated in [28], is strictly weaker than the DP as exampled by
infinite-dimensional Hilbert spaces and dual spaces of compact operators. Subsequent investiga-
tions for operator algebras and triples can be found in [1,2,15–17,37].
The following definition is natural.
Definition 2.1. A Banach space E is defined to have the surjective DP1 if every surjective oper-
ator from E onto a reflexive space is completely continuous on S(E1).
Given a norm closed subspace I of a Banach space E write
I  = {ρ ∈ E∗: ‖ρ|I‖ = ‖ρ‖},
and recall that I is said to be an N -ideal of E if I  is a linear subspace of E∗, and to be an
M-ideal of E if its annihilator, I ◦, in E∗ is an L-summand. Every M-ideal of E is an N -ideal
of E.
Define subspaces X and Y of a Banach space E to be M-orthogonal if ‖x + y‖ =
max{‖x‖,‖y‖}, whenever x ∈ X and y ∈ Y .
Lemma 2.2. Let P be a continuous projection on a Banach space E, and let x be a non-zero
element of E such that Cx is M-orthogonal to P(E) such that P(x) = 0. Then Cx ⊕ P(E) is
complemented in E.
Proof. Since Cx⊕P(E) is the ∞-sum of Cx and ⊕P(E), we can choose, by the Hahn–Banach
theorem, an element f ∈ E∗ such that f (x) = 1 and f vanishes on P(E). The map Q on E given
by Q(a) = P(a)+ f (a)x, for all a ∈ E, is a projection onto Cx ⊕ P(E), as required. 
The following is contained in [25, §3].
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norm preserving extension ρ˜ in E∗ and the corresponding map, I ∗ → I  (ρ → ρ˜) is a surjective
linear isometry. We have E∗ = I  ⊕ I ◦ and the natural projection, P : E∗ → I , is contractive
with P ∗(E∗∗) = I ∗∗.
Lemma 2.4. Let T : I → R be an operator where I is an N -ideal of a Banach space E and R is
reflexive. Then T extends to an operator S :E → R.
Proof. Consider the weak∗ continuous extension, T ∗∗ : I ∗∗ → R, of T . Keeping the notation of
Lemma 2.3, let P :E∗ → E∗ be the projection onto I  and let S be the restriction to E of T ∗∗P ∗.
Since P ∗ :E∗∗ → E∗∗ projects onto I ∗∗ and so acts identically upon I , S extends T . 
Proposition 2.5. Let E and R be Banach spaces, where R is reflexive. Let I and F be M-
orthogonal closed subspaces of E, where I is an N -ideal of E and F is non-zero.
(a) If every operator in L(E,R) is completely continuous on S(E1), then every operator in
L(I,R) is completely continuous.
(b) If every surjective operator in L(E,R) is completely continuous on S(E1), then every sur-
jective operator in L(I,R) is completely continuous.
Proof. Let T : I → R be an operator and let (xn) be a weakly null sequence in I such that
‖xn‖ 1, for all n. Choose a norm-one element x in F . Then xn + x → x weakly in S(E1), by
M-orthogonality. By Lemma 2.4, there is an operator
S :E → R
extending T . Therefore, if S is completely continuous on S(E1) then∥∥T (xn)∥∥= ∥∥S((xn + x)− x)∥∥→ 0,
implying that T is completely continuous. This proves (a). The proof of (b) is similar. 
Corollary 2.6. Let E, I and F as in Proposition 2.5.
(a) If E has the DP1, then I has the DP.
(b) If E has the surjective DP1, then I has the surjective DP.
Proof. This follows from Proposition 2.5. 
All four Dunford–Pettis properties mentioned above are stable under the taking of comple-
ments and (by Lemma 2.4) the taking of N -ideals of Banach spaces. The same is true of the
related properties occurring in the statements (a) and (b) of Lemma 2.7 below.
Frequent use is made of the following formulations of the DP and the DP1, of which (i) is due
to Grothendieck [32] (more accessibly, see [21]) and (ii) can be found in [28]. A Banach space
E has
(i) the DP iff ρn(xn) → 0, whenever (xn) and (ρn) are weakly null sequences in E and E∗,
respectively;
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(ρn) is a weakly null sequence in E∗.
Similar formulations of certain formally weaker variations of the surjective DP and the sur-
jective DP1 are next stated for later use.
Lemma 2.7. Let E be a Banach space.
(a) Every surjective operator T :E → 2 is completely continuous iff ρn(xn) → 0, whenever
(xn) and (ρn) are weakly null sequences in E and E∗, respectively, with [ρn]  2.
(b) Every surjective operator T :E → 2 is completely continuous on S(E1) iff ρn(xn) → 0,
whenever (xn) is a sequence such that xn → x weakly in S(E1) and (ρn) is a weakly null
sequence in E∗ with [ρn]  2.
Proof. In essence (a) is contained in a combination of [9, Proposition 8] and [36, Lemma 14].
The proof of (b), which is similar, is sketched below.
Suppose xn → x weakly in S(E1) and that (ρn) is weakly null in E∗ such that 2  [ρn]. Since
the latter is weak∗ closed in E∗, take the closed subspace F of E such that [ρn] = F ◦ ∼= (E/F)∗.
If the quotient map, q :E → E/F ∼= 2, is completely continuous on S(E1) then ρn(xn) → 0
since ∣∣ρn(xn − x)∣∣ ‖ρn‖∥∥q(xn − x)∥∥, for all n.
On the other hand, suppose there is a norm-one surjective operator T :E → 2 and a sequence
(xn) such that xn → x weakly in S(E1) and ‖T (xn − x)‖  0. Passing to subsequences, if
necessary, we may suppose that (xn − x) and (yn) are weakly null basic sequences such that for
all n,
δ < ‖yn‖ ‖xn − x‖,
where yn denotes T (xn − x) and δ > 0. For each n, let ρyn and ρn be 〈., yn〉 in ∗2 and T ∗(ρyn)
in E∗, respectively. Then (ρn) is weakly null and [ρn]  2, the latter because T ∗ maps ∗2
isomorphically onto its image in E∗ (T is surjective). Since, for all n,
ρn(xn − x) = ‖yn‖2 > δ2,
we have ρn(xn) > δ2 for all n large enough. 
Remark 2.8. Let E be a Banach space with a subspace F isomorphic to 1 or C(K) where K
is a compact Hausdorff space. Each operator in L(F, 2), being 2-summing [23, Theorems 1.13,
11.14], extends to a 2-summing and so completely continuous operator in L(E,2) [23, The-
orem 4.15]. In particular, in this way each of the many surjections from 1 onto 2 induces a
surjective completely continuous operator E → 2 whenever E contains an isomorphic copy
of 1 (and a fortiori if E contains an isomorphic copy of C(K) whenever K is a non-scattered
compact Hausdorff space).
Recall that a Banach space E is said to be a Schur space if weak sequential convergence in E
implies norm convergence.
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(a) there are no completely continuous surjections in L(E,2) if and only if E does not contain
an isomorphic copy of 1;
(b) E has the DP and there are no surjections in L(E,2) if and only if E∗ is a Schur space.
Proof. (a) If E does not contain an isomorphic copy of 1 then, by Rosenthal’s 1 theorem
[22, p. 201] every bounded sequence in E has a weakly Cauchy subsequence and thus each
completely continuous operator in L(E,2) is compact and therefore not surjective.
(b) This follows from (a) and [21, Theorem 3]. 
3. Cartan factor representations and 2-bases
A JB∗-triple [35] is a complex Banach space E with a continuous ternary product {.,.,.}
symmetric and bilinear in the outer variables and conjugate linear in the middle satisfying
D(x,y){u,v,w} = {D(x,y)u, v,w}+ {u,D(y, x)v,w}+ {u,v,D(x, y)w},
such that ‖D(x,x)‖ = ‖x‖2 and D(x,x) is an hermitian operator on E with non-negative spec-
trum, where D(x,x) is given by D(x,x)y = {x, x, y}.
We refer to [34,35] for the fundamentals of JB∗-triples and JBW*-triples (the latter being JB∗-
triples with a predual) and to [29,30] for the corresponding atomic theory. An intricate analysis
of Cartan factors can be found in [19]. The geometric nature of JB∗-triples is such that the
surjective linear isometries between them are precisely the algebraic triple isomorphisms [35],
the M-ideals of a JB∗-triple are its norm closed ideals [6], and the JB∗-subtriples that are N -
ideals are its norm closed inner ideals [24]. (By an inner ideal of a JB∗-triple is meant a subspace
I for which Qx(E) ⊆ I , for all x ∈ I , where Qx is the conjugate linear operator a → {x, a, x}.)
All unexplained terminology below is standard. Other than those given above general references
are [40,41].
Given a tripotent u (i.e. u = {u,u,u}) in a JBW∗-triple M , for k = 0,1,2, the images Mk(u)
of the contractive Peirce projections Pk(u) are JBW∗-subtriples of M which, in turn, equals their
linear direct sum (compare [29]). Further, M2(u) is a JBW*-algebra with product and involution
given by
a ◦ b = {a,u, b} and a = {u,a,u}.
A non-zero tripotent u is said to be minimal if M2(u) = Cu.
If ρ is a norm-one element in M∗, the predual of M , there is a unique tripotent u of M , denoted
by s(ρ) and referred to as the support tripotent of ρ, such that ρ(u) = 1 and ρ is faithful on
the JBW*-algebra M2(u). Moreover the assignment, ρ → s(ρ), is a (possibly empty) bijection
between ∂e(M∗,1) and the set of minimal tripotents of M [29, Proposition 4].
For arbitrary Hilbert spaces H, K and a conjugation j :H → H the JBW∗-triples L(H,K),
{x ∈ L(H): x = jx∗j} and {x ∈ L(H): x = −jx∗j} are the rectangular, hermitian and sym-
plectic Cartan factors, respectively. In particular, Hilbert spaces are rectangular Cartan factors.
Spin factors form another class of Cartan factors and there are two further exceptional factors of
dimension 16 and 27. Each Cartan factor is the weak∗ closed linear span of its minimal tripo-
tents. The norm closed linear span of minimal tripotents in a Cartan factor C is its elementary
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dimensional, a spin factor or is of the form L(H,K), where H or K is finite-dimensional.
By a Cartan factor representation of a JB∗-triple E is meant a triple homomorphism,
π :E → C, where C is a Cartan factor and π(E) is weak∗ dense in C. Every JB∗-triple has
a faithful family of Cartan factor representations [30].
Lemma 3.1. Let C be an infinite-dimensional Cartan factor. Then there are normalised weakly
null basic sequences (un) in C and (ρn) in C∗,1 such that [un] ∼= 2, [ρn] ∼= 2 and ρn(um) =
δn,m, where (un) is a sequence of mutually collinear finite rank tripotents. If C is hermitian the
un can be chosen to be of rank 2, and to be minimal otherwise.
Proof. Since infinite-dimensional, C is hermitian, rectangular, symplectic or a spin factor.
(a) Suppose that C is not hermitian. Then C contains an infinite sequence (un) of mutu-
ally collinear minimal tripotents. Let ρn ∈ ∂e(C∗,1) with s(ρn) = un, for each n. The subspace
L = [un] is linearly isometric to 2 with canonical basis (un) and is a weak∗ closed inner ideal
of C [19, p. 306].
Further, in the notation of Section 2,
[ρn] = L ∼= L∗ (ρ → ρ|C),
and using [29, Proposition 4]
ρn(um) =
∥∥P2(un)(um)∥∥= δn,m.
(b) Let C be hermitian. Then C has the form of the set of fixed points, L(H)α, where α is a
real flip on L(H) (see [33, 7.5.8]), given by α(x) = jx∗j, with j :H → H being a conjugation
on a complex Hilbert space H satisfying j2 = 1. Putting
K = {h ∈ H : jh = h} and R = {x ∈ L(H): xK ⊆ K}
we have that K is a real Hilbert space with H = K ⊕ iK and R is a real W∗-algebra with
B(H) = R ⊕ iR, Csa = Rsa and α(x) = x∗ for all x in R [33, §7].
Choose an infinite orthogonal sequence (kn) in K and put
vn = k1 ⊗ kn and un = vn + v∗n,
for all n  2. The sequence (vn) is a mutually collinear family of minimal tripotents in L(H)
with vmvn = 0, for all m and n.
Let ϕn ∈ ∂e(L(H)∗,1) with s(ϕn) = un and let ρn = ϕn|C, for each n 2. As in (a), we have
L = [vn] ∼= 2
is an inner ideal of L(H) with L = [ϕn] and ϕn(vm) = δn,m. It follows that ρn(um) = δn,m.
Finally, x → x + α(x) is a linear isometry from L into C sending vn → un and ϕ → ϕ|C is an
isometry from L into C∗ sending ϕn to ρn, as required. 
In order to develop general consequences of Lemma 3.1 we shall exploit local order in JB∗-
triples and representation theory.
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JB∗-subtriple and norm closed inner ideal of E generated by x. A local order structure in E with
respect to x arises as follows. There is a unique tripotent, called the range tripotent of x, r(x), in
E∗∗ with
E(x)∗∗ = E∗∗2
(
r(x)
)
and x ∈ E∗∗2
(
r(x)
)
+
[13, Proposition 2.1]. The inner ideal E(x) is a JB∗-subalgebra of E∗∗2 (r(x)) and Ex is the (com-
mutative) C*-subalgebra of E(x) generated by x ∈ E(x)+. In turn, E∗∗x is the (commutative) von
Neumann subalgebra of E∗∗2 (r(x)) generated by x, with identity element r(x). Consequently,
in (E∗∗x )+, we have
0 u(x) x  r(x),
where u(x) is the strong limit in E(x)∗∗+ of the odd powers x2n+1 (u(x) is a projection of E∗∗x
and a tripotent of E∗∗).
The following was proved in [11].
Lemma 3.2. (See [11, Theorems 3.3 and 3.4].) Let v be a finite rank tripotent in E∗∗, where E is a
JB∗-triple. Then there is a norm-one element x in E such that v  u(x) x, and T (E) = T (E∗∗)
for T = D(v, v), P1(v) and P2(v). If E is separable x can be chosen such that v = u(x).
We can now state and prove our first main results.
Theorem 3.3. Let E be a separable JB∗-triple with an infinite-dimensional Cartan factor rep-
resentation. Then there exist normalised weakly null basic sequences (xn) in E and (ρn) in E∗
such that
[ρn] ∼= 2 and ρn(xn) = 1, for all n.
Proof. Let π :E → C be a Cartan factor representation with C infinite-dimensional. Since the
weak∗ continuous extension, π˜ :E∗∗ → C, is a triple homomorphism onto C [4], C is linearly
isometric to an ∞-summand of E∗∗ and we may assume that E∗∗ = C ⊕∞ M.
Via Lemma 3.1 choose a weakly null sequence (un) of finite rank tripotents in C and a weakly
null sequence (ρn) in C∗ ⊆ E∗ biorthogonal to (un) with [ρn] ∼= 2.
By Lemma 3.2 and preceding remarks, for each fixed n, there exists a norm-one element an
in E such that (a2m+1n ) decreases to un in the weak∗ topology of E∗∗ as m → ∞.
Let ρ ∈ E∗ and ε > 0. Since (un) is weakly null, choose N such that∣∣ρ(un)∣∣< ε, for all nN.
Since, for each n, a2m+1n → un in the weak∗-topology we can, inductively, choose a strictly
increasing sequence of natural numbers (αn) such that∣∣ρ(a2m+1n )− ρ(un)∣∣< ε, whenever m αn,
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Hence, (xn) is a weakly null sequence in E, where xn = a2αn+1n for each n.
Since for each n
un  xn  an,
we have
ρn(xn) = 1 = ‖xn‖.
By the Bessaga–Pelczynski selection principle [22, p. 42], passing to a subsequence we may
suppose that (xn) is a basic sequence. 
Corollary 3.4. Let E be a JB∗-triple with an infinite-dimensional Cartan factor representation,
π :E → C, such that K(C) ⊆ π(E). Then there exist norm-one basic sequences (xn) in E and
(ρn) in E∗ satisfying the concluding statement of Theorem 3.3.
Proof. As before, we may suppose that E∗∗ = C ⊕∞ M . We may further suppose that π is the
restriction of the natural projection from E∗∗ onto C. We can choose a weak∗ closed inner ideal
D of C such that either D has countably infinite rank or, in the case that C is reflexive, such
that D is linearly isometric to 2. In any case D is a Cartan factor and K(D) is separable. Now
choose a separable JB∗-subtriple F of E such that π(F) = K(D) and thus giving
F ∗∗ = D ⊕∞ N.
Since D is a weak∗ closed inner ideal (and thus N -ideal) of C, the restriction mapping induces
a surjective linear isometry from D ∩ C∗ into D∗. The result follows from an application of
Theorem 3.3 and its proof to F and D. 
4. Completely continuous operators onto 2
The dual DP is strictly stronger than the DP (e.g. [21, p. 22]). The surjective DP neither implies
nor is implied by the dual surjective DP, and is strictly weaker than the DP [9,36]. For JB∗-triples
we shall show that all these properties are equivalent to complete continuity of all operators
onto 2, and we shall determine the structure of JB∗-triples having this property. We shall then
investigate operators onto 2 that are completely continuous on unit spheres of JB∗-triples and
we shall proceed to derive the structure of JB∗-triples having the DP1 and the surjective DP1,
again showing equivalence.
Lemma 4.1. The following are equivalent for a JB∗-triple E.
(a) E fails to contain an isomorphic copy of c0.
(b) E fails to contain a JB∗-subtriple isometric to c0.
(c) E is isomorphic to a Hilbert space.
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Lemma 4.2. Let E be a JB∗-triple such that E∗ has the surjective DP. Then E∗ has the DP.
Proof. We may suppose that E∗ is not reflexive, else it is finite-dimensional, and therefore that
E∗∗ contains an isomorphic copy of c0. In which case, E∗ contains a complemented subspace
isomorphic to 1 [22, V. Theorem 10] and thus E∗ has the DP [9, Theorem 3]. 
Theorem 4.3. The following are equivalent for a JB∗-triple E.
(a) Every surjective operator T :E → 2 is completely continuous.
(b) E has the DP.
(c) E has the surjective DP.
(d) E∗∗ ∼= (∑C(Xn) ⊗ Cn)∞, for compact hyperstonean spaces Xn and finite-dimensional
Cartan factors Cn.
(e) Every surjective operator T : E∗ → 2 is completely continuous.
(f) E∗ has the DP.
(g) E∗ has the surjective DP.
Proof. The implications (b) ⇒ (c), (g) ⇒ (e) and (c) ⇒ (a) follow by definition and (f) ⇒ (b)
is clear. By Lemma 4.2, (f) and (g) are equivalent. The equivalence of (f) and (d) was proved in
[18, Theorem 20]. It remains to prove (a) ⇒ (d) and (e) ⇒ (d).
Suppose that (a) holds and let π :E → C be a Cartan representation. In order to deduce (d),
by Lemma 2.7(a) together with Corollary 3.4 it is enough to show that K(C) ⊆ π(E). The latter
will follow from [14, Theorem 5.5] if it can be shown that ({xn, a, xn}) is weakly null whenever
(xn) is weakly null in E and a ∈ E.
To this end, let (xn) be a weakly null sequence in E, let a ∈ E and let ρ ∈ ∂e(E∗1 ). By Rain-
water’s theorem [39] it is enough to prove that ρ({xn, a, xn}) converges to zero. Let v denote the
minimal tripotent s(ρ) of E∗∗ and let F be the weak∗ closed ideal of E∗∗ generated by v. By
[19, Main Theorem and Corollary 2.2] F is a Cartan factor and F1(v) is isomorphic to a Hilbert
space (being of rank at most two), as therefore is the closed subspace D(v, v)(F ) = Cv⊕F1(v).
Using Lemma 3.2,
D(v, v)(E) = D(v, v)(E∗∗)= D(v, v)(F )
so that ‖D(v, v)(xn)‖ → 0, by assumption. It follows that
D(v, v){xn, a, xn} +
{
xn,D(v, v)a, xn
}= 2{D(v, v)xn, a, xn}→ 0, (∗)
in norm.
With yn = {v, xn,D(v, v)a} for each n, we have ‖yn‖ → 0, since the space{
v,E,D(v, v)a
}= {v,C,D(v, v)a}
is finite-dimensional, being linearly generated by v and P1(v)(a). Using the identity
ρ(x)v = ρQv (x ∈ E)
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ρ(xn)yn =
{
ρ(xn)v, xn,D(v, v)a
}= {{v, xn, v}, xn,D(v, v)a}
= 2{yn, xn, v} − ρ
({
xn,D(v, v)a, xn
})
v,
so that the second term on the right-hand side above converges to zero. Now, since ρ = ρ D(v, v),
it follows from (∗) that ρ({xn, a, xn}) → 0, as required.
Suppose finally that (d) is false. Then E has an infinite-dimensional Cartan factor represen-
tation and so E∗∗ = C ⊕∞ M for some infinite-dimensional Cartan factor C. In which case,
Lemma 3.1 applied to C gives weakly null sequences (ρn) in C∗ ⊆ E∗ and (un) in E∗∗ such that
[un] ∼= 2 and ρn(un) fails to converge to zero which, by Lemma 2.7(a), contradicts (e). 
We remark that if the dual space of a JB∗-triple E has no quotient spaces isomorphic to
2 then E∗∗ is a Schur space by Lemma 2.9 together with Theorem 4.3 (since condition (e)
is vacuously satisfied) and thus is isomorphic to a Hilbert space by Lemma 4.1, whence E is
finite-dimensional. A similar combination of Lemma 2.9(b) and Theorem 4.3, together with [5,
Corollary 3], verifies the following statement.
Corollary 4.4. The following are equivalent for a JB∗-triple E.
(a) E has no quotient space isomorphic to 2.
(b) E∗ is a Schur space.
(c) E∗∗ is isometric to an ∞-sum of finite-dimensional Cartan factors.
This is an appropriate point to note the following immediate consequence of [5, Corollary 3]
and Lemma 2.9(a).
Corollary 4.5. Let E be a JB∗-triple. Then there are no completely continuous surjections in
L(E,2) if and only if E∗∗ is an ∞-sum of Cartan factors.
We now turn to investigate JB∗-triples E possessing the property that every surjective operator
in L(E,2) is completely continuous on S(E1). Recall that a JB∗-triple E has the Kadec–Klee
property (KKP), that weak sequential convergence in S(E1) implies norm convergence, if and
only if E is a Hilbert space, a spin factor or is finite-dimensional [1, Corollary 3] and [16, Propo-
sition 2.13].
Proposition 4.6. Let E be a JB∗-triple such that every surjective operator E → 2 is completely
continuous on S(E1). Let I and J be non-zero M-orthogonal norm closed inner ideals of E.
Then I and J have the DP.
Proof. By Lemma 2.7(b) together with the fact [24] that I is an N -ideal of E, every surjec-
tive operator I → 2 is completely continuous. Therefore, I has the DP by Theorem 4.3(a)
⇒ (b). 
Proposition 4.7. Let π :E → F be a triple homomorphism between JB∗-triples and let x, y
be non-zero orthogonal elements in π(E). Then there exist orthogonal elements a, b in E with
π(a) = x and π(b) = y.
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Then π restricts to a ∗-homomorphism, π :E(c + d) → F(x + y), between JB∗-algebras. Since
x, y ∈ F(x + y)+ and the functional calculus for self-adjoint elements in JB∗-algebras is the
same as for C*-algebras we have, as in [3, Corollary 2.4], orthogonal elements a, b ∈ E(c + d)
with π(a) = x and π(b) = y. 
Lemma 4.8. Let E be a JB∗-triple such that every surjective operator E → 2 is completely
continuous on S(E1).
(a) If π :E → C is a Cartan factor representation, then C is reflexive.
(b) If E is a Cartan factor then E is a Hilbert space or a spin factor.
Proof. (a) Let π :E → C be a Cartan factor representation and suppose that C, and thus π(E),
is not reflexive. Via Lemma 4.1 choose from π(E) a non-zero element y and a sequence (xn)
of mutually orthogonal non-zero elements such that y is orthogonal to each xn. Letting z =∑
xn/n
2
, choose non-zero orthogonal elements a and b in E with π(a) = y and π(b) = z, using
Proposition 4.7. Let un be the range tripotent of each xn in C and let u denote the tripotent
∑
un
in C. Then
π :E(b) → C2(u)
is a Cartan factor representation and C2(u) is infinite-dimensional. But E(a) and E(b) are M-
orthogonal inner ideals of E. Hence by Proposition 4.6 together with Theorem 4.3 we arrive at
the contradiction that C2(u) must be finite-dimensional.
(b) If E is reflexive and is neither a Hilbert space nor a spin factor it is isometrically of the
form L(H,K), where H is an infinite-dimensional Hilbert space and K is a closed subspace
of H of dimension not less than two. In which case, choose an infinite orthogonal sequence (hn)
in H such that h1, h2 ∈ K .
Putting un = h2n+1 ⊗ h1 and vn = h2n ⊗ h1 we note that [un] and [vn] are M-orthogonal
inner ideals of E and infinite-dimensional Hilbert spaces, contradicting Proposition 4.6. 
For a JB∗-triple E the collection of largest norm closed ideals contained in ker(ρ) as ρ ranges
over ∂e(E
∗
1 ) forms the structure space, Prim(E), of primitive ideals of E endowed with the usual
hull-kernel topology, and Prim(E) coincides with the set of the kernels of the Cartan factor
representations of E [13,14]. If J is a norm closed ideal of E, h(J ) denotes the set of primitive
ideals of E containing J . If every surjective operator in L(E,2) is completely continuous on
S(E1) it follows from Lemma 4.8(a) that, for every P ∈ Prim(E), E/P is a reflexive Cartan
factor and P is a maximal ideal of E.
Lemma 4.9. Let E be a JB∗-triple such that every surjective operator E → 2 is completely
continuous on S(E1). Let P ∈ Prim(E) such that E/P is infinite-dimensional and let V be an
open subset of Prim(E). Then V is dense in Prim(E).
Proof. Suppose that V = Prim(E) and that U is a non-empty open set in Prim(E) having trivial
intersection with V . We have
V = Prim(E) \ h(J ) and U = Prim(E) \ h(K),
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DP by Proposition 4.6 and so all primitive quotients of J are finite-dimensional by Theorem 4.3
and the above remark. But J ∩ P ∈ Prim(J ) and J/(J ∩ P) ∼= (J + P)/P = E/P, a contradic-
tion. 
Proposition 4.10. Let E be a separable JB∗-triple, let all primitive ideals of E be maximal
and let P ∈ Prim(E). Then there exists an element x in E such that ‖x‖ = ‖x + P ‖ = 1 and
‖x +Q‖ < 1 for all primitive ideals Q = P .
Proof. Let ρ ∈ ∂e(E∗1 ) such that ρ vanishes on P . By [11, Theorem 3.4(d)] there is a norm-one
element x in E such that {
τ ∈ E∗1 : τ(x) = 1
}= {ρ}.
In particular ‖x + P ‖ = 1. Let Q ∈ Prim(E) and suppose that ‖x + Q‖ = 1. There exits
τ ∈ E∗1 such that τ vanishes on Q and τ(x) = 1. The above equality gives τ = ρ so that Q is
contained in ker(ρ). The maximality condition on Prim(E) implies that Q = P. 
Lemma 4.11. Let E be a separable JB∗-triple such that every surjective operator E → 2 is
completely continuous on S(E1). Let P ∈ Prim(E) such that E/P is infinite-dimensional. Then
E is a Hilbert space or a spin factor.
Proof. If P is the zero ideal then E is a Cartan factor by the remark preceding Lemma 4.9. The
result will then follow from Lemma 4.8(b). In order to derive contradiction suppose that P is
non-zero and let U be the complement of {P } in Prim(E). Since all elements in Prim(E) are
maximal ideals, U is a non-empty open set in Prim(E) and there is an element x ∈ E such that
‖x‖ = ‖x + P ‖ = 1 and ‖x +Q‖ < 1 for all Q ∈ U,
the latter by Proposition 4.10. Consider the lower semicontinuous function [13, Lemma 3.5]
fx : Prim(E) → R
(
Q → ‖x +Q‖).
Since U is a Baire space [14, Proposition 4.5], fx is continuous at some point Q0 of U .
Choose α such that fx(Q0) < α < 1. Since fx is continuous at Q0 there is an open subset W of
Prim(E) such that
Q0 ⊆ W ⊆ f−1x (−∞, α).
The set V = f−1x (α,∞) is open by lower semicontinuity of fx . We now have that P ∈ V and
V ∩W = ∅. This contradicts Proposition 4.10. 
We can now state and prove the second main structure theorem of this section.
Theorem 4.12. The following are equivalent for a JB∗-triple E.
(a) E has the DP1.
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(c) Every surjective operator T :E → 2 is completely continuous on S(E1).
(d) E is a Hilbert space, a spin factor or E has the DP.
Proof. The conditions (a), (b) and (c) are progressively weaker, and the implication (d) ⇒ (a)
follows from Theorem 4.3 together with [1, Proposition 5] (alternatively, [7, Corollary 3.6]). It
remains to prove (c) ⇒ (d).
Let π :E → C be a Cartan factor representation, where C is infinite-dimensional. By
Lemma 4.8(a), C is a spin factor or a reflexive rectangular factor. It is sufficient to show that
the primitive ideal ker(π) is zero.
Let x ∈ ker(π). There is an infinite-dimensional separable norm closed inner ideal I of C
linearly isometric to 2 [19] and therefore a separable JB∗-subtriple B of E with x ∈ B and
π(B) = H . By [1, Corollary 1] B possess the DP1 and so by Lemma 4.11 π is injective on B ,
as required. 
Corollary 4.13. A JB∗-triple has the alternative Dunford–Pettis property if and only if it has the
Dunford–Pettis property or has the Kadec–Klee property.
5. Projective tensor products
For JB∗-triples E and F , we are interested in obtaining characterisations of when the pro-
jective tensor product, E ⊗ˆπ F, possesses a variety of the Dunford–Pettis properties discussed
earlier. We begin with general Banach spaces.
Consider Banach spaces E and F where E contains a sequence (xn) equivalent to the standard
c0-basis and F contains a subspace G  C[0,1]. As shown in [38, Theorem 2.2] the projective
tensor product E ⊗ˆπ F contains a complemented isomorphic copy of 2, with main technical
ingredients of the proof being as follows. If (ρn) is a sequence in E∗ biorthogonal to (xn) and
S :F → 2 is a surjective operator such that each en = S(yn), where (en) is the standard 2-basis
and (yn) is a bounded sequence in G, operators
2
α−→ E ⊗ˆπ F β−→ 2
are induced where βα is the identity map and β is given by
β(u⊗ v) =
∑
ρn(u)
〈
S(v), en
〉
en.
In particular, each en = β(xn ⊗ yn) (hence, (en) ∼ (xn ⊗ yn)). In addition, β(u ⊗ v) = 0
whenever S(v) = 0.
Theorem 5.1. Let X denote E ⊗ˆπ F , where E and F are Banach spaces such that E contains
an isometric copy of c0 and F contains a subspace G ∼= C[0,1]. Then there is a continuous
projection, P :X → X, such that P(X)  2 and P is not completely continuous on S(X1).
706 L.J. Bunce, A.M. Peralta / Journal of Functional Analysis 253 (2007) 692–710Proof. Looking inside G ∼= C[0,1], we can choose a norm-one element v in G and a continu-
ous projection R on G such that Y = R(G) ∼= G, R(v) = 0 and Cv is M-orthogonal to R(G)
(compare the proof of [38, Theorem 3.5]). We have a composition of surjective operators
G
P−→ Cv ⊕∞ Y Q−→ Y T−→ 2
where P is a projection (via Lemma 2.2), Q is the canonical M-projection and T arises as in
Remark 2.8. In turn, this composition lifts to a surjective operator
S :F → 2 such that S(v) = 0.
Pick a sequence (yn) in Y such that each ‖yn‖ k and T (yn) = en, where (en) is the standard
2-basis. Take a sequence (xn) in E isometric to the standard c0-basis and a norm-one element x
of E such that Cv is M-orthogonal to every Cxn.
Now let operators, 2 α−→ E ⊗ˆπ F β−→ 2, be chosen as in the technical preamble. In particular,
β(x ⊗ v) = 0 and each β(xn ⊗ yn) = en.
By [38, Corollary 3.3], Cx ⊗ y is M-orthogonal to each Cxn ⊗ yn and by [10, Lemma 2.1]
(or see [31, Lemma 2]) (xn ⊗ yn) is weakly null. Hence,
x ⊗ v + k−1xn ⊗ yn → x ⊗ v weakly in S(X1)
and ∥∥β(k−1xn ⊗ yn)∥∥= k−1, for each n.
It follows that the projection αβ has the required properties. 
When H is a Hilbert space and E is a Banach space, below, E ⊗ˆπ H is identified with the
weakly continuous linear functionals on L(E,H) ∼= (E ⊗ˆπ H)∗. Given a projection p ∈ L(H)
and ϕ ∈ L(E,H)∗, pϕ ∈ L(E,H)∗ denotes the map, T → ϕ(pT ). In the following (a) is a
straightforward calculation and (b) is deduced by duality.
Lemma 5.2. Let E be a Banach space and H a Hilbert space. Let p be a projection in L(H)
and put q = 1 − p. Then
(a) ‖T ‖2  ‖pT ‖2 + ‖qT ‖2, for each T ∈ L(E,H);
(b) ‖pϕ‖2 + ‖qϕ‖2  ‖ϕ‖2, for each ϕ ∈ L(E,H)∗.
Theorem 5.3. Let E be a Banach space having the DP. Let H be a Hilbert space and V be a
spin factor. Then E ⊗ˆπ H and E ⊗ˆπ V have the DP1.
Proof. Let (φn) be a sequence converging to φ in the weak topology of E ⊗ˆπ H ∼= L(E,H)∗,
where each ‖φn‖ = ‖φ‖ = 1. Let (Tn) be a weakly null sequence in L(E,H).
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and h1, . . . , hk ∈ H such that ∥∥∥∥∥φ −
k∑
j=1
xj ⊗ hj
∥∥∥∥∥< ε.
Let p ∈ L(H) be the finite rank projection onto [h1, . . . , hk], and let q = 1 − p. We note that
pφn(Tn) → 0,
since E ⊗ˆπ pH  Ek has the DP. In addition
‖φ − pφ‖
∥∥∥∥∥φ −
k∑
i=1
xi ⊗ hi
∥∥∥∥∥+
∥∥∥∥∥p
(
k∑
i=1
xi ⊗ hi
)
− pφ
∥∥∥∥∥< ε,
so that
1 − ε < ‖pφ‖ 1.
Since pφn converges weakly to pφ, for all n large enough we have
1 − ε < ‖pφn‖
and hence
‖qφn‖2  ‖φn‖2 − ‖pφn‖2 < ε2,
by Lemma 5.2(b).
Hence, since |φn(Tn)| |pφn(Tn)| + |qφn(Tn)| for all n, we have φn(Tn) → 0.
By [7, Lemma 3.5], the spin factor V ∼= C ⊗ˆRπ K for some real Hilbert space K . But the
complex space E ⊗ˆRπ K ∼= E ⊗ˆπ (C ⊗ˆRπ K) and so E ⊗ˆπ V has the DP1 by the (real version) of
the above. 
To facilitate discussion of projective tensor products of JB∗-triples we note that if a JB∗-
triple E contains a subspace isomorphic to 1 then, for some uncountable compact space S
with 0 ∈ S ⊂ [0,1], E contains a JB∗-subtriple isometric to C0(S) which, in turn, contains a
C*-subalgebra isometric to C0(0,1] (see [12, Theorem 3.4(iv) ⇒ (v)]—if f : S → [0,1] is a
continuous surjection then so is (g‖g‖−1)2 ∈ C0(S), where g = f − f (0)1).
Let X denote E ⊗ˆπ F, where E and F are infinite-dimensional JB∗-triples. By [7, Corol-
lary 2.5] combined with [42, Corollary 3.4], the following three conditions are equivalent.
(i) X has the DP;
(ii) X∗ is a Schur space;
(iii) E∗ and F ∗ are Schur spaces.
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all surjective operators to 2 are equivalent to the DP.
Theorem 5.4. Let X denote E ⊗ˆπ F where E and F are infinite-dimensional JB∗-triples. The
following are equivalent.
(a) X has the DP.
(b) X has the surjective DP.
(c) X has no quotient space isomorphic to 2.
(d) X∗ has the surjective DP.
(e) Every surjective operator X → 2 is completely continuous.
Proof. (b) ⇒ (a). Suppose (b) holds. It is enough to show that E∗, F ∗ are Schur spaces (see
above). Since E and F are linearly isometric to complemented subspaces of X, E and F have
the surjective DP and hence the DP by Theorem 4.3. By Lemma 4.1, both E and F contain c0
and thus by [38, Theorem 2.2] (or Theorem 5.1) neither contains a subspace isomorphic to 1.
Therefore E∗ and F ∗ are Schur spaces.
(e) ⇒ (a). Suppose (e) holds. Since the condition passes to complemented subspaces, E∗ and
F ∗ have the DP by Theorem 4.3. In addition, E ⊗ˆπ F cannot contain a complemented subspace
isomorphic to 2. The condition (a) is now implied as above.
(c) ⇔ (a). If X has no quotient space isomorphic to 2 then neither do E and F , implying that
E∗ and F ∗ are Schur spaces by Corollary 4.4. Conversely, X satisfies (c) when X∗ is a Schur
space.
The implications (a) ⇒ (b) and (d) ⇒ (e) are clear, while (a) ⇒ (d) follows from the com-
ments preceding this theorem. 
Our final result includes a characterisation of the DP1 for E ⊗ˆπ F where E and F are JB∗-
triples and provides a complete answer to the question posed in [38, Problem 3.9]. Given JB∗-
triples E and F we reiterate that E has the KKP if and only if E is finite-dimensional, a Hilbert
space or a spin factor ([1, Corollary 3] and [16, Proposition 2.13]), and we recall that E ⊗ˆπ F
has the KKP if and only if E and F have the KKP [7, Theorem 3.14].
Theorem 5.5. Let X denote E ⊗ˆπ F where E and F are infinite-dimensional JB∗-triples. The
following are equivalent.
(a) X has the DP1.
(b) X has the surjective DP1.
(c) Every surjective operator X → 2 is completely continuous on S(X1).
(d) One of the following holds:
(i) X has the DP.
(ii) X has the KKP.
(iii) One of E and F has the DP and the other has the Kadec–Klee property.
Proof. (c) ⇒ (d). Assume (c). By complementation, every surjective operator E → 2 is com-
pletely continuous on S(E1). Thus, by Theorem 4.12, E has the DP or the KKP, as likewise
does F . In order to establish (d), we may suppose that both E and F have the DP and are not
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Theorem 5.1 in place of [38, Theorem 2.2], it follows that X has the DP.
(d) ⇒ (a). The DP and the KKP are stronger than the DP1, and (d)(iii) implies (a) by Theo-
rem 5.3. 
If X is as in Theorem 5.5 then by the equivalence of (a) and (d) of Theorem 5.5, the results of
Section 4 and the remarks made prior to Theorems 5.4 and 5.5, we see that X has the DP1 if and
only if one of the following three conditions is satisfied:
(i) E∗∗ and F ∗∗ are ∞ sums of finite-dimensional Cartan factors.
(ii) E is a Hilbert space or a spin factor and F is a Hilbert space or a spin factor.
(iii) One of E and F is a Hilbert space or a spin factor and the other is such that every quotient
of it by a primitive M-ideal is a finite-dimensional Cartan factor.
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